Abstract. This paper is a study of the Gray index of phantom maps. We give a new, tower theoretic, definition of the Gray index, which allows us to study the naturality properties of the Gray index in some detail.
Our results concern this filtration and how it behaves under maps between domains or targets. In the introduction, all spaces will be finite type domains, or ranges as needed; see conventions at the end of this section.
Before summarizing the results of this paper, we provide some motivation. Brayton Gray observed in [3] that if there is an essential phantom map f : X → Y , then there must be a dimension n in which both H n (X; Q) = 0 and π n+1 (Y ) ⊗ Q = 0. The proof of this fact is entirely nonconstructive, so it leaves open an interesting, if ill-posed, question: which of the dimensions n in which H n (X; Q) = 0 and π n+1 (Y ) ⊗ Q = 0 can be deduced from (is "relevant" to) a given phantom map f ? We should expect two answers-if dimension n is "relevant" to f in terms of the domain, then dimension n + 1 should be "relevant" to f in terms of the target. The underlying intuitive idea of this paper is that the least dimension which is "relevant" to f (in terms of the domain) is its Gray index, G(f ). Now we illustrate how this intuitive idea suggests actual theorems. In [8] , McGibbon and Roitberg prove that if φ : A → B induces surjections on rational cohomology in all dimensions, then the induced map on phantom sets is also surjective for any finite type target Y . A careful look at the proof shows that the conclusion remains true if φ induces surjections just in those dimensions n for which Gray's algebraic condition H n (X; Q) = 0 and π n+1 (Y ) ⊗ Q = 0 holds. It seems reasonable to expect that if φ is surjective only in those dimensions that are "relevant" to f , then f should be in the image of φ * : Ph(B, Y ) → Ph(A, Y ). We actually prove a more delicate statement in the following theorem. In particular, if φ induces a surjection in rational cohomology just in dimension G(f ), then f is in the image of φ * : Ph(B, Y ) → Ph(A, Y ), modulo an indeterminacy which does not contain f . McGibbon and Roitberg prove a dual result for maps between targets; our refinement also dualizes.
In Theorem 1 of [8] , McGibbon and Roitberg show that for finite type nilpotent X, the conditions 
−→ S
n α such that 
Again, our result dualizes.
In Section 4, we study phantom maps with infinite Gray index. If G(f ) = ∞ then none of the dimensions in which H n (X; Q) = 0 and π n+1 (Y )⊗Q = 0 (whose existence is guaranteed by f ) is "relevant" to f , which suggests the following conjecture.
Conjecture. If X and Y are both nilpotent and of finite type, then Ph
We do not prove this conjecture here. However, we do have some partial results which show that, in many situations, the phantoms with infinite index (if they exist) take care of themselves. Our main theorem in Section 4 is the following. Conventions. Finally, we quickly review some definitions and notation that we will use throughout. All the spaces in this paper have the homotopy type of CW complexes. The n-skeleton of a CW complex X is denoted by X n . We use X (n) to denote the nth Postnikov section of X, and X n to denote the nth connective cover of X. Thus, there are natural fibrations
For many of the results in this paper we need to impose finiteness conditions on our spaces. We follow McGibbon and Roitberg [8] in defining a finite type domain to be a pointed connected CW complex whose integral homology groups are finitely generated in each degree, and a finite type target to be a pointed space each of whose homotopy groups is finitely generated.
learned about phantom maps. We would also like to thank Kouyemon Iriye for pointing out a mistake in one of our examples.
The Gray index.
The Gray index was first defined by Gray in his thesis [3] ; it has also been studied by McGibbon and Strom in [10] . It is important to note that our definition differs by one from Gray's original definition [3] (ours is bigger). Let f : X → Y be a phantom map. Then f | X k * for each k, and so there are homotopy factorizations of f
Generally, there will be many possible choices for f .
Definition. The Gray index of f is the least integer k such that the map f cannot be chosen to be a phantom map; we write
We denote the set of all phantom maps f : 
We can then define a dual Gray index, G (f ), to be the least integer k such that the map f cannot be chosen to be a phantom map.
Intuitively, G (f ) is the least dimension "relevant" to f in terms of the target. In view of Gray's observation we expect that the least "relevant" dimension for the target should be one more than the least "relevant" dimension for the domain. This is in fact the case.
Proofs will be given in the last section. It follows that Ph
This result also shows that G(f ) is independent of any choices that were made in giving X a CW decomposition.
We will make essential use of the following alternative description of the Gray index in terms of inverse towers. According to Bousfield and Kan ( [1] , pages 254-255), Ph(X, Y ) is naturally isomorphic to a lim 1 set:
Observe that in the notation ΩY (n) the order of operations is ambiguous. In this paper, as in most other papers about phantom maps, passing to the loop space is the last step. Thus, ΩY (n) really means Ω(Y (n) ). Let us write
] and
We have a commutative diagram of surjections of towers
which induces a commutative diagram of surjections after taking lim
The commutativity of the diagram shows that f ∼ k g implies f ∼ k−1 g, but the reverse need not be true. We interpret lim
In other words, we have Ph
These sets give us a natural filtration
which we call the Gray filtration.
Typically one studies a filtered group by examining the subquotients. Unfortunately, the pointed set Ph(X, Y ) does not generally have a group structure. Nevertheless, we can use the equivalence relations ∼ k to make sense of subquotients of this filtration. Write
Clearly, this definition agrees with the usual notion whenever Ph(X, Y ) happens to be a group.
Our final result in this section is that the Gray filtration can only decrease if Gray's algebraic condition H n (X; Q) = 0 and π n+1 (Y ) ⊗ Q = 0 is met. 
This means that if either H * (X; Q) is bounded above by n or π * (Y ) ⊗ Q is bounded above by n + 1, then the Gray filtration is finite. More precisely, Ph
we will see in Corollary 11 below that this implies that Ph
Example. Consider the Gray index of phantom maps
has only one nontrivial rational homotopy group, and so Ph
If k is odd, then there are two dimensions to consider, so
) and Ph
2. Maps subject to rational conditions. Now we turn our attention to the problem of determining how the Gray filtration behaves with respect to maps between targets or domains. 
Suppose φ induces a rational cohomology surjection only in dimension k. 
must be nontrivial.
The following example shows how Theorem 4 can be used to construct exact sequences of phantom sets.
is nontrivial, and it follows that G(f
In other words, there is an exact sequence of pointed sets
The surjectivity of Ph(X, S
) follows from Theorem 4 and Corollary 11 below.
It should be expected that we will get a dual version of Theorem 4, and we do. 
Fibrations and cofibrations do not give rise to exact sequences of phantom maps. However, the composite of the maps induced by a cofibration or a fibration must be trivial. This allows us to pass from Theorems 4 and 5, which tell us how nearly surjective induced maps are, to Theorem 6, which tells us how nearly trivial induced maps are. 
We conclude this section by using the Gray index to put a topology on the set Ph(X, Y ). Since
is an (l − 1)-equivalence, Theorem 4 shows that
In other words, the union of the φ *
Suppose that X is a finite type domain and that Y is a finite complex. A theorem of Zabrodsky [13] shows that [
The above discussion shows that the image of this map is dense in Ph(X, Y ). Or, if we take the closure of the image, we find that
3. Phantom maps into spheres. In Theorem 1 of [8] , McGibbon and Roitberg show that for finite type domains X, the conditions 
It is reasonable to ask whether condition (3) implies condition (1) in our theorem. If k is even, the answer is yes, because
If k is odd, however, the implication is not generally true, because with G(f ) = 6, because, according to Zabrodsky [13] ,
where R is a rational vector space with the cardinality of the real numbers. We end this section with the dual to Theorem 8. The deduction of McGibbon and Roitberg's Theorem 1 from this result proceeds just as above.
Theorem 8 implies Theorem 1 of [8]. If condition (1) is true for all k, then we find that Ph(X, Y ) = Ph

Theorem 9. Let Y be a finite type target. Each of the following statements implies the next:
(1) Ph(K(Z, k), Y ) = * ; (2) there is a map ΣK(Z, k) g −→ Y such that g * : π k+1 ΣK(Z, k) ⊗ Q) → π n+1 (Y ) ⊗ Q is surjective;(3)
Maps with infinite Gray index.
In his thesis [3] , Gray claims that G(f ) < ∞ for every essential phantom map f . However, there is a flaw in his argument; in fact, McGibbon and Strom [10] have shown that if X is of finite type and its cohomology contains an element of infinite height under the action of the Steenrod algebra, then there are essential phantom maps out of X with infinite Gray index.
In these examples, even though the domains are of finite type, the targets are definitely not. Thus, we make the following conjecture.
Conjecture. If X is a finite type domain and Y is a finite type target, then Ph
We have not been able to prove this conjecture, but we do have a useful partial result. Let G n = [X, ΩY (n) ] as in Section 1, and recall that a map f ∈ Ph(X, Y ) ∼ = lim In other words, the only way that Ph(X, Y ) can consist solely of phantom maps with infinite Gray index is for Ph(X, Y ) = * .
We can say much more if the towers we are concerned with happen to be towers of abelian groups. This theorem, like Theorem 10, is really a topological interpretation of an algebraic result on maps between towers. In our proof, we show that the algebraic proposition underlying Theorem 10 applies to the tower {C n }, where C n is the cokernel of the map [ΣB n , ΩY ] → [ΣA n , ΩY ]. In order to do this, we need the tower {C n } to be a tower of groups, which is why we require the target to be a loop space.
Recently, Lê Minh Hà has succeeded in proving that a map between "good" towers of groups induces a surjection on lim 1 if and only if the induced map on the abelianizations of the towers induces a surjection on lim 1 (see [5] ). One application of this is a proof of Theorem 12 without the assumption that the target be a loop space.
Finally, let us see what we can derive when we take l = ∞ in Theorems 4 and 5.
If X = ΣX , then we may replace Ph with Ph.
If the conjecture were known to be true, we would recover Theorem 2 of [8] by setting k = 0 in this corollary. When Y is a loop space or X is a suspension, we do not need to appeal to the conjecture.
Taking l = ∞ in Theorem 6, we find that if φ : A → B induces trivial maps in rational cohomology in dimensions greater than k, then φ * (Ph
The (possibly) stronger conclusion φ * (Ph(X, Y )) = * is also true; it follows from Theorem 2 of [8] .
Proofs
Proof of Proposition 1. This proof uses the identification Ph(X,
] discussed immediately following the statement of Proposition 1. First suppose that G(f ) > k. This means that there is a phantom map f : X/X k → Y extending f . We will show that f lifts to a phantom map f : X/X k → Y k + 1 . Indeed, the map of towers (with k fixed and n variable)
]} is surjective. Since lim 1 is right exact [1] , the induced map on phantom sets is surjective as well.
To go in the other direction, observe that the map of towers
is surjective.
Proof of Theorem 2. We have a fibration
. Taking the nth Postnikov section and passing to loop spaces yields the following fibration:
Applying [X, −], we obtain an exact sequence
:
]. When we take lim
in which the row is exact and the vertical map is surjective. This identifies
This proves the first statement; the second statement follows from Proposition 1.
Proof of Proposition 3.
We have to show that the map j k : lim
is injective. Consider the short exact sequence of towers
Gray's condition is not satisfied, then this is a finite group. Applying the six-term lim-lim 1 exact sequence, we obtain the exact sequence
k → * . Since a tower of finite groups has trivial lim 1 the proof is complete.
Proof of Theorem 4. According to [2], we can write
It follows that A → A/M k induces an isomorphism in rational homology in dimensions above k.
We see from the commutative diagram
The proof of Theorem 4 now reduces to the following lemma. 
]) and similarly for
. We have to show that φ induces a surjection lim
To do this, we will show that each map G
rationalizes to a surjection. Since these are finitely generated nilpotent groups, it will follow from Lemma 1.3 of [8] that the images of these maps have finite index. These towers also have the special property that each term has finite index in the next (Proposition 0.1 of [9] ). It is proved in Lemma 2.2 of [8] that a map of towers such as these in which the images have finite index induces a surjection on lim
]. Since these groups only depend on finite skeleta of A and B, the rationalization of this map can be identified with φ * : [B, ΩY
]. Since φ induces a surjection on rational cohomology, and loop spaces are rationally equivalent to products of Eilenberg-MacLane spaces, this map is a surjection.
Because of the finite index property of these towers, we know that each map G
l+1 (A) rationalizes to a surjection, as desired. Proof of Theorem 5. The proof of the dual to Theorem 4 is analogous. The only difference is that the better naturality properties of the Postnikov sections make it unnecessary to fiddle with dual versions of the M k .
Proof of Theorem 6. Since Ph
the row is not exact, but the composition is trivial. By Theorem 4, θ * is surjective, so φ * is trivial. The proof of the dual result is similar.
Proof of Theorem 8. The groups in the tower
]} are each countable, and the image of each term in the next has finite index by Theorem 0.1 of [9] .
First we assume that
By Theorem 2 of [7] , the tower
]} must be Mittag-Leffler. By Lemma 3.2 of [7] , this means that the index of
] is finite for each m. Taking m = k + 1, we see that the index of
Since the image of g * has finite index, the index of G (n) k+1 in G k+1 has a finite lower bound for all n. This implies that the tower {G The calculation
completes the proof. k } consists of finitely generated nilpotent groups. Since Theorem 2 of [7] tells us that such a tower has trivial lim 1 if and only if it is Mittag-Leffler, we conclude that the tower {G (n) k } is Mittag-Leffler for k ≥ N . This does not quite imply that the tower {G n } is Mittag-Leffler; but it does show that the tower {G n }, which is defined by G n = G n for n ≥ N and G n = 0 otherwise, is Mittag-Leffler. Since these towers have isomorphic lim The proof of the dual result is similar.
Proof of Theorem 12.
In both cases, we have a map of towers of finitely generated abelian groups which induces a surjection on lim k lim 1 n , and we want to conclude that the map induces a surjection on lim 1 . This is a purely algebraic statement which we prove below. k → * . Let C n be the cokernel of B n → A n . From the six-term exact sequence and the Bousfield-Kan short exact sequence, we obtain the following diagram:
